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In the first section of this paper we determine all monomial irreducible 
complex characters of the symmetric groups S,,, . It turns out that apart from 
the principal and the alternating character the only monomial irreducible 
characters are the characters of S, and S, and the character [3, 12] of S, . 
In the second section we apply this result to a problem of M. Marcus 
concerning symmetry classes of tensors. If  V is a complex vector space of 
dimension n and W = 0” V then the symmetric group S, acts on W. I f  p 
is an irreducible character of a subgroup H of S,n then the image of the 
operator 
is a symmetry class of tensors VDm(H) C W. The problem of Marcus is 
to determine when these symmetry classes are irreducible as GL( I’) modules. 
In [4] R. Merris and S. Pierce showed that deg p = 1 is a necessary condition. 
In [5] S. Pierce showed that if n is sufficiently large in comparison with m and 
H is transitive then in fact H = S, with a few exceptions. We noticed that 
there should be one additional exception, namely when m = 5 and H is a 
transitive subgroup of S, of order 20. The mistake appears on p. 257 of [5] 
where it is claimed that the subgroup ((12)(34), (13)(25)) of S, is not con- 
tained in a subgroup of order 20. It is easy to verify that it is contained in such 
a subgroup, e.g., (( 13542), (I 532)). 
We show that the words “sufficiently large” in the above result of Pierce 
can be replaced by n 3 m. This confirms his belief expressed in [5]. 
* The authors were partially supported during the preparation of this paper by 
NRC Grants A-5285 and A-7263. 
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CHA~~ACTERS 0~ S,,, 
iYe consider only complex characters and will freely use some standard 
notation of representation theory. 
THEOREM. Except for the cases listed below, the irreducible representations 
of &I, I the symmetric group, are not monomial. 
Exceptions. [m] S,,, , [l”‘] S, (for any 112), any representations of S, or S4 , 
and [3, 12] Ss. 
Proof. LVe wish to show that, for m greater than 4, S,,, contains no proper 
subgroup ZZ, and a linear (i.e., of degree one) representation p of H such that 
pH i “\;rL is irreducible, except [3, 12] S, . To this end we employ the following 
result ([2, p. 3291. 
If  G is a finite group, ZZ a subgroup of G, p a linear representation of ZZ, 
and if pH f  G is irreducible then for each g in G which is not in H there is an h 
such that gpilrg is again in ZZ, and p(h) + p(g-lhg). 
Suppose first that H is a primitive subgroup of S, . ‘Then H contains no 
transpositions [7]. Thus we may choose for g, in the above criterion, any 
transposition in & . Let g =~- (1, 2). There must be, if H provides a contra- 
diction to the theorem, an element h of H such that g-lhg lies in H, but is 
different from h. Consider h-‘g-l/z g, which lies in Ii, and is a product of two 
transpositions. Thus it is either a three-cycle, or a product of two disjoint 
transpositions. But a primitive group containing a three-cycle must be the 
alternating group [7], which is out of the question. 
It is easily seen that the alternating group A, being simple for m ‘3 5, 
cannot arise as a counterexample, and we henceforth exclude it from con- 
sideration. 
Suppose, then, that ZZ contains (12)(34). C. Jordan in his paper [3] on 
p. 256 mentions that this implies m < 8. Alternatively one could obtain this 
by using some theorems of Manning. The primitive subgroups of S,,, for 
m < 8 are known. They are as follows (excluding S,, and A,). 
I f  m =-- 5, they are 3 primitive subgroups, of orders 5, 10, and 20. ‘These 
provide indices in S, of 24, 12, and 6. On the other hand, the degrees of the 
irreducible representations of S, are 1, 4, 5, and 6, with degree 6 from [3, 12] 
only. The primitive subgroup of S, with order 20 is the semidirect product 
of the groups generated by (12345) and (2345). Direct calculation shows 
easily that the representation of H in which (12345) goes to I, and (2354) 
goes to i yields [3, I21 Sj on inducing. 
If  nz = 6, the proper primitive subgroups are isomorphic to A, and S3 . 
A, , being simple, has no linear representation other than the identity. For 
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S5 we can easily compute that no irreducible representation of S’, has degree 
equal to 6, the index of S, in S, . 
S, has 4 kinds of proper primitive subgroup. One of these, of order 168, 
is simple, and so, for the same reason as above, cannot give rise to difficulties. 
The others have orders 42, 21, and 14. These orders are too small for any 
representation of S, induced from them to be irreducible. 
If  m = 8 we have a number of primitive subgroups whose orders are 192, 
or less. These are small enough that, as above, they can be disregarded. 
Another primitive subgroup has the structure of a semidirect product of 
C, x C, x C, with the simple group of order 168. Such a group cannot have 
a nontrivial linear representation. The last two of these primitive subgroups 
may be conceived as acting on the elements of the GF(7) together with a~ 
by means of transformation of the form s + (ax + b)/(ch: -k d). But if one 
of these were to fix 4 letters, it would fix all 8 letters. Consequently, this group 
cannot contain a product of two transpositions, and hence cannot arise as a 
counterexample. 
Suppose, then, that His imprimitive, but still transitive. H, in its action on 
1) 2,..., nz permutes these among each other in blocks, of at least 2, and less 
than m. We may suppose that this has been done in such a way that the blocks 
are 1, 2 ,..., k; k + l,..., 2k; . . . . The permutation (k, k + I) is certainly not 
in H. As before, there must be an element Iz in H so that (k, lz + l)h(k, k + 1) 
is in H, and 
p((k, k + 1) h(k, k mb 1)) i: p(lz). 
In particular, I i: h-‘(k, k + 1) h(k, k + I) lies in H. But this is of the form 
(a, D)(k, k + I), where a and 6 are, respectively, the images under h of k and 
k + 1. But in order that this permutation preserve the block structure it is 
necessary that k = 2, a = 1, b = 4. Thus H acts on blocks of length 2, and 
is a subgroup of H,ri,2 , the hyperoctahedral group of order (m/2)!2’“i2. 
Consider the permutation (12 ... m) and its action on these blocks. Blocks 
1, 2; 3, 4; 5, 6; ... ; m - 1, m become 2, 3; 4, 5; 6, 7; ... ; m, I. 
It is easy to see that the only permutations which preserve both systems of 
blocks are even powers of (12 ... m), because once the image of 1 is known, 
all else follows. But if we now let g = (123 ... m) in the result mentioned at 
the beginning of this proof, we see that there can be no h with the desired 
properties, since g and powers of g commute. 
Suppose, finally, that H is transitive, so that in its action H never inter- 
changes the letters in I, 2 ,..., k with those in k + l,..., m. Let g = (k, k + 1). 
Again, there must be h in II such that g-‘Izg lies in H, and is different from h. 
Again, consider the product of transpositions h-lg-%~. As before, this must 
involve interchange between the two sets. But this is precisely what H does 
not provide. 
This completes the proof. 
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SYM~L~ETRY CLASSES 0~ TENSORS 
Let F’be a complex vector space, dim r -2 n, W = @)“‘ I;. The symmetric 
group S,, acts on Was follows: 
whercotS;,,,T~~-l,X~EY(l :c;i:<m). 
The natural action of G = GL( I’) on I’ “extends” canonically to an 
action of G on IV, i.e., we have 
u . (x1 @ .‘. @ x7,,) =: u(xJ @ .” (9 z&J, (2) 
where u E G and xi E P’ (I 5: i < m). 
Let us denote the linear transformations (I) and (2) by cru; and u,. , respec- 
tively. Let A (resp. B) be the subspace of E = End(W) spanned by trans- 
formations CJ~,. (resp. u,,,) for 0 E S,,, (resp. u E G). Then A and B are sub- 
algebras of 8. Since A is a homomorphic image of the group algebra of S,,?, 
it is semisimple. This implies that B is also semisimple since A and B are 
centralizers of each other in E [I, Chap. V, Section 31. 
Let II be a subgroup of S,, and p an irreducible complex character of II. 
1Ve denote by W(H, p) = W(p) the isotypic component of the H-module W 
which is the sum of irreducible H-submodules with character p. Of course, 
W(p) is also a G-submodule. 
Let N be a Young tableau for S, and denote by JI also the character of the 
corresponding irreducible representation of S,, . Then W(a) = W(S,, , a) 
has a meaning since we can take I1 == S, . 
Now, we define 
It is clear that 
W(0l; p) = W(U) n W(p). 
W(p) = @ W(a; p), (3) 
and in particular 
w = @ W(a). (4) 
Let y(a) be the number of rows of the Young tableau 01. Then it is known 
that W(N) = 0 if and only if Y(OI) > n [1, p. 1631. 
The transformation [6, p. I-22] 
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is the projector with image W(p) associated with the isotypic decomposition 
of W as an H-module. It follows that the symmetry class of tensors Vm(H) 
defined by Marcus is precisely our isotypic component W(H, i;). Marcus 
asked the question for which nz, n, H, p is this symmetry class of tensors an 
irreducible G-module. Some partial answers have been obtained in [4] 
and [5]. We are able to improve these results. 
THEOREM 2. The symmetry class of tensors W(H, p) is an irreducible 
G-module if and only if 
r(:<n 63 a: 1 f-0 = 1 (5) 
and degp = 1. 
Proof. It is clear from (3) that W(p) is G-irreducible if and only if 
W(ol; p) f  0 for precisely one 01 and W(ti; p) is G-irreducible for such a. 
The first statement implies that 
for precisely one (Y satisfying r(a) < n. Since the dimension of a G-irreducible 
submodule of W(a) is equal to the length of the A’,-module W(a) [l, p. 2021 
it follows that if W(a; p) is irreducible we must have 
(p, c1 J H) == 1 
and degp = 1. 
This completes the proof. 
Theorem 2 shows that the question of irreducibility of a symmetry class 
of tensors is equivalent to a question about characters of S, . The necessity 
of the condition degp = 1 was established in (4) by a different and more 
complicated method. 
THEOREM 3. If  n 3 m then W(H, p) is G-irreducible if and only ifp T S, 
is an irreducible character of S, and deg p == 1. 
Proof. We have r(a) < n for all Young tableaux of S, . Hence the 
condition (5) of Theorem 2 becomes 
Since (p, 01 J H) = (p t S,, , LX) it follows that 
i.e., p T SW, is irreducible. 
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In view of Theorem 3 it is natural to ask when is p f  S,,‘ irreducible if 
deg p 1 1. In other words we are asking which irreducible characters of S, 
are monomial. The answer was given in the previous section. Using that 
result we obtain the following: 
THEOREM 4. If n > m the symmetry class of tensors W(H, p) is irreducible 
as G-module onlv in the following cases: 
(i) H = S, , p == 1, 
(ii) H = S, , p = the alternating character, 
(iii) the exceptional cases of Theorem 1 fey m == 3,4, 5. 
In the case n < m the question of irreducibility of W(H, p) remains open. 
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